Abstract. Starting from a complex variable formulation of the exact Navier-Stokes equations for the steady two-dimensional motion of an incompressible viscous fluid, a Burgers type linearization is introduced at small Reynolds number which results in a conformally invariant Oseen equation. The independent variables are the velocity potential and stream function for the corresponding irrotational flow. There are certain analytical advantages in this approach for the determination of uniformly valid approximations to flow at small Reynolds numbers and the method is illustrated by various examples.
Introduction and the Oseen approximation. For two-dimensional flow the fluid velocity can be prescribed in terms of a stream function by q = cur^-^fc),
where k is perpendicular to the plane of motion and the Oseen linearization of the equations of motion can be written in terms of ¥ as d2 dx2 + dy2' R is the Reynolds number based on the free stream speed at infinity, the length scale for the boundary geometry under consideration, and the kinematic viscosity. The Oseen approximation is suitable for fluid domains of infinite extent in which the flow converges to a uniform stream at infinity, that is ~ y as x2 + y2 -* oo. The essence of the approximation is to account for the forced convection produced by the uniform stream, and the convection term i?(q V)q which appears in the NavierStokes equation is linearized by replacement with q. Not only does the Oseen approximation resolve the Stokes paradox, but to leading order the solutions provide uniformly valid composite expressions for the stream function at small Reynolds numbers R. For example, the boundary value problem for flow past a circular cylinder may be expressed in terms of polar coordinates as where K\ is the modified Bessel function of the second kind and first order, and y is Euler's constant. This expression satisfies the Oseen equation, the outer boundary condition exactly, and satisfies the inner boundary conditions correct to 0(/?logi?) as R -* 0.
Even though it is seldom required in practice there are few complete solutions of the Oseen equation in the sense that the boundary conditions are satisfied exactly. One such solution, which has a three-dimensional analogue [1] is the flow past a parabolic cylinder. The simplest method for deriving the stream function is to define parabolic coordinates by x + iy = (£ + it])2 and seek a similarity solution for in the form = rjf(g). The parabolic cylinder is typified by £ = £0, and the details of the solution are straightforward. The stream function in (£, rj) coordinates is represented by V = 2r1{z-Zo 1
where the complementary error function is defined by erfcs = f°° e~"2 du. Complete exact solutions of these equations satisfying no slip boundary condition are the Oseen flow past a semi-infinite flat plate as defined by (G), and stagnation point flow towards a plane wall. While it is not difficult to determine solutions for w the analysis can become cumbersome if not intractable when calculating from the Poisson equation (L) subject to the no slip boundary conditions. This is due to the presence of the scale factor arising from the mapping transformation. The present paper describes a Burgers type linearization for a complex variable form of the two-dimensional, steady flow Navier-Stokes equations which results in a conformally invariant form of the Oseen equation where the independent variables consist of the velocity potential and stream function for the corresponding irrotational flow. In terms of accuracy at small Reynolds numbers this method is essentially neither better or worse than conventional theories but has the advantage that the tractability of boundary value problems is substantially increased, and at the same time the method is applicable to a general variety of flow geometries which would be virtually intractable using existing approximations.
Complex variable formulation of the Navier-Stokes equations. The equations of motion for the steady flow of an incompressible viscous fluid can be written in the form
Po 1 where q is the fluid velocity, p the pressure, p0 the density, v the kinematic viscosity, and B the Bernoulli function or total head of pressure. (In this way, part of the convection terms have been absorbed into the pressure gradient.) For two-dimensional flow a stream function ^(x^) can be introduced by q = ui + vj -curl(-¥£) = -*¥yi + *¥xj.
The components of Eq. (1) are
and Eq. (4), (5) can be combined in complex form to produce the single complex equation
where V2vF = = 4xFzj. In addition, from (3),
If a real function 4>{x,y) is defined by B = -vV2(j> = -4v(j)zl then (7) can be written 
where A(z), B(J) are arbitrary then elimination of (f> from (12) produces (11) so that is a solution of the vorticity equation. It is convenient to write
where x is real> and h(z) is analytic in the fluid region. h(z) is related to the complex potential for irrotational flow past the particular boundary under consideration.
Replacing by x in (12) gives the equation
It is also appropriate to introduce a real function F -<f> + -^x2, and since 32 (X2\ _ X Xj dz2 \4v) ~ 2uXzz+ 2v 
where the arbitrary functions Ai(~z), Ci(z) have been chosen so that
With £ = a + //? = h(z) Eq. (33) can be mapped into the £-plane by the equation
where H\(Q is essentially arbitrary. Equation ( where R is the Reynolds number based on the parameters contained in the forcing flow, geometry of the boundaries and the kinematic viscosity v. It is important that R > 0, but there are solutions of (38) which depend only on a and are independent of R. These flows correspond to a generalization of plane Poiseuille flow between parallel planes under a constant gradient, to a channel flow between curved boundaries with constant total flux rate Q. For example if the channel is described by the coordinates a\ < a < a2, -oo < /? < oo, the boundary value problem is d*¥ a=a\ -¥| a=a2 = Q, = 0, at a = Qi and a = a2,
and (38) reduces to
The solution for 4* is given by d4v¥ "da* = °" <40) vp= Qa {aia2-3a(ai +a2) + 2a2}.
(a2 -OiXy
To be more specific the mapping
or equivalently x = a2 -p2, y = 2ap,
transforms a = a \ into the parabola *-■5-4 («> and similarly a = a2 transforms into the parabola
<45)
The stream function represented by (41) describes the flow in a curved channel bounded by confocal parabolas. It is also noted that this solution could not be predicted by conventional low Reynolds theory as there is no solution of the Stokes equations or Burgers equation in which the stream function coincides with one family of coordinate curves satisfying the conditions of no slip.
A rotlet interior to a corrugated cylinder. For flow in the presence of a corrugated boundary the transformation [5] z = x + iy -w + ewn+l, w = pe"1', 0 < m = e(n + 1) < 1
maps the interior of the unit circle p < 1 into the interior of a closed corrugated boundary with n peaks (n is a positive integer) lying between the circles r = 1 ± e. If the flow is stirred by a rotlet at the origin there is a complete Stokes solution which is described by the boundary value problem 
The solution for is given by dp y = log p-\p2 (52) so the streamlines coincide with p = constant. The two solutions for represented by (49) and (52) differ by the term
which is uniformly small if 0 < £ <C 1, or n is large. The two solutions are identical in the case e = 0, and the outer boundary is a circle, which in turn is an exact solution of the Navier-Stokes equations. 
The corresponding form of /? is P = -e + n2 + 2^0.
It follows the solution for the linearized equation (38) subject to no slip boundary conditions on £ = £o with a uniform stream at infinity is expressed by (G) replacing £ with (i -£0); that is where n > 1, the coefficients An, Bn, Cn, Dn are complex constants and X2 = n2 -iRn.
For n -0
Fo(a) -Ao + Boa + Coa2 + Doa3.
Utilizing the boundary conditions the constants A", Bn, Cn, Dn are determined by straightforward Fourier analysis. Finally it is noted that if a\, a.2 are both positive the cylinders are internally separated while if ax > 0, a2 < 0, the cylinders are separated externally.
Flow past a fixed cylinder with finite cross section due to a uniform stream at infinity. Conclusion. The preceding examples support the claim that the linearization of the Navier-Stokes equations are given by Eq. (38), leads to a simplification of the analytical process in calculating solutions for the stream function at small Reynolds numbers. The approximation is also applicable to a wide range of flow geometries which would be prohibitive in terms of mathematical tractability by both conventional Oseen and Burgers approximations.
